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Estimation of Weibull parameters by 
omission of some data in a sample 

N. KAMIYA,  O. KAMIGAITO 
Toyota Central Research and Development Laboratories, 41-1 Aza Yokomichi, 
Oaza Nagakute, Nagakute-cho, Aichi-gun, Aichi-ken, 480-11 Japan 

Methods of estimating Weibull parameters by omission of some data in a sample are con- 
sidered for various functions for survival probability in linear Weibull plots. Computer 
simulation is used for the consideration. A use of the survival probability function, 
P(i) = 1 - -  (i - -  0 .5) /N,  in which P(i) is survival probability, i is the i-th order of failure 
strength and N is the total number of data in the sample, and the omission of 2 to 4% of 
the data, which are of the smallest value, the largest one and their neighbours, are recom- 
mended to get the best value of the Weibull parameters. 

1. I n t r o d u c t i o n  
Weibull statistics are now widely used to describe 
the distribution of the fracture stress of  various 
groups of ceramics. In the application of  the 
statistics, two independent parameters must be 
determined to express the distribution of  'the 
values of fracture stress as the two-parameter 
Weibull distribution. The determination is fre- 
quently made by linear regression [1 -3 ]  due to 
the simplicity of  the method rather than the 
methods of  direct curve fitting [1 4] and maxi.. 
mum likelihood [1-4] .  In the linear regression 
method, each datum is arranged in the order of  its 
value, and a statistical probability such as survival 
one or failure one is given for an arbitrarily given 
value of  the fracture stress. The value of the prob- 
ability depends only on the order of  each datum, 
or rank, and the number of the data, or sample 
size. The actual value of  the fracture stress of  a 
given rank, however, is not fixed, but scatters 
depending on the sampling or the group. The 
scattering is greater for the smallest and largest 
values of  the data as the density of  data is low in 
the extremes and the difference between the values 
for neighbouring ranks is greater than in the region 
near the median. And the proability that the data 
of the same rank have always the same value or 
nearly the same oneds much lower than that in the 
region near the mode or median where the density 
of  the data is very high and the difference between 

the values of the data of  neighbouring rank is very 
small. Therefore, the data which are near the mode 
or median will give more reliable values for the 
parameters than the data deviating much from the 
mode or the median. Thus, to get correct values 
for the parameters, giving some weight to each 
datum is thought to be suitable, in which the 
weight for the data far from the mode or median is 
light and that for the data near the mode or 
median is heavy. 

In the field of statistics, many works have been 
published which describe the use o f  various 
weighting functions [5 8]. Among these func- 
tions, the simplest weighting function is a step 
function in which the weight is unity or zero. In 
this work, the step function was studied. To deter- 
mine the best function or the best weighting, the 
real values of  the two parameters of  the sample 
must be compared with the values estimated from 
the weighted data. To do this, a computer simu- 
lation method, which was studied recently by 
Trustrum and Jayatilaka [1 ], was applied. 

2. Simulation procedure 
The simulation procedure is shown in Fig. 1. The 
population is assumed to have the Weibull distri- 
bution described as follows [1], 
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Figure 1 Flow diagram of computer simulation for evalu- 
ating the effectiveness of omission of data in a sample and 
function of survival probability on estimating Weibull 
parameters. 

where P, mo, of and ~0 represent, respectively, the 
cumulative survival probability, Weibull modulus, 
fracture stress and the mean fracture stress of  the 
sample. The value of  P varies from 1 to zero. N 
random numbers belonging to [0, 1] are generated 
by a computer, ACOS 850. The value of  the 
generated random number is substituted for the 
value of P, and it is transformed into crf by the use 
use of  the Weibull function given in Equation 1. 
Through this procedure, N data for fracture stress, 
of, are generated. These values are arranged in the 
order of  the value. The statistical survival prob- 
ability of the i-th datum, Pz( i )  (l = 1,2,  3), is 
assumed to be given by one of  the following three 
functions: 

i 
P l ( i )  = 1 --N+----~ [1 3, 91 

i - - 0 . 5  
P2(i) = 1 N [1,91 (2) 

i - - 0 . 3  
P3(i) = 1 [9] 

N + 0 . 4  

in [-- lnPz(i)]  is plotted against ln crf for each 
function of  Pt(i ). Applying the least mean square 
method to make the function fit to the data, the 
value of  Weibull modulus, me, and the mean frac- 
ture stress, #e, were estimated. Then, 2/" (j  = 0, 1, 
2 , . . . )  data including the lowest, highest and their 
neighbours are omitted from the sample. Referring 

to the sample consisting of ( N - - 2 j )  data, each 
datum is plotted so as to have the same coordinate 
as that of  the datum before omission, and me and 
#e are estimated in the same way as mentioned 
above. The omission of  some data is equivalent to 
the application of  a weight function of  step type. 
The number of  omitted data on the lower side is 
selected to be equal to that on the higher side (j) .  
The simulation was repeated 1000 times for each 
sample. The mean values of  m e and #e, me and ~ ,  
and their standard deviation, Am e and A# e, were 
calculated using the values given from 1000 simu- 
lations. The values of  N, mo and #o were selected 
respectively as 20 ~<N~< 100, m 0 =  10 and 
#o = 50. There is no loss of  generality in choosing 
too--  10 as the distribution of  me/ too  is indepen- 
dent of  #o and mo [1 ]. 

3. Results and discussion 
The mean value of  the estimated Weibull modulus, 
m--~, is plotted as the ratio Of~e  to the true value, 
m0, against the ra t io , / IN,  in Fig. 2 for the func- 
tion, P2(i)  = 1 - -  (i - -  0.5)/N. The standard devi- 
ation of  me, Ame, is plotted inthe form of Ame/ 
mo in Fig. 3 for the function, P2(i) .  The estimated 
value, mee, approaches m0, with the increase of  the 
sample size, N, as shown in Fig. 2. For N />  40, the 
estimated value can be thought to be practically 
equal to the true value of  m, which agrees well 
with the conclusion by Trustrum and Jayatilaka 
[1 ]. ~ varies with the omitting ratio, j / N ,  and it is 
a minimum at the value of  j / N  of about 0.02 to 
0.04. ~ The standard deviation, Am e, is less for 
larger sample size and it is a minimum at the value 
of  j / N  of about 0.02 to 0.04, as shown in Fig. 3. 
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Figure 2 Estimated mean values of Weibull modulus, 
me~too, as a function of omission ratio of data, j/N, for 
various sample sizes. (P2(i) = 1 -- (i -- 0.5)/N is used as a 
function for survival probability.) 
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Figure 3 Estimated standard deviation of Weibull mod- 
ulus, ~Xrne/m o, as a function of omission ratio of data, 
j /N,  for various sample sizes. (P2(i) = 1 - - ( i -  0.5)/N is 
used as a function for survival probability.) 
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Figure 5 Estimated standard deviation of mean fracture 
stress, A#e/#o, as a function of omission ratio of data, 
j / N  for various sample sizes. (P2(i)= 1-- (i -- 0.5)/N is 
used as a function for survival probability.) 

Therefore, the best value can be given when this 
proportion of data in the regions of the smallest 

value and of the largest value is omitted from the 
sample. 

The mean value of the estimated mean fracture 
stress, /a~ and its standard deviation, A/%, are 

shown in Figs. 4 and 5 as a function o f j / N  for the 
function P 2 ( i ) =  1 - - ( i -  0.5)/N. Also, the mean 

value of the estimated mean fracture is the same 
as the value of/J0 independently of the value of 
j / N  and the sample size. The standard deviation of 
the mean fracture stress, A/~e, is less for larger 
sample size, and independent of the value of~IN.  

The ratio of ~ to m0 for the other functions, 
Pz( i )  is given in Fig. 6 together with that for 

P2( i )  = 1 - -  (i - -  0.5)/N for N = 40. The standard 

deviation of m e for the various functions, P l ( i ) ,  is 

given in Fig. 7. As shown in Fig. 6, the estimated 

value of me increases monotonically with/ /N,  and 

m~ is equal to the true value at the value o f / I N  of 
0.17 for P3(i) = 1 - - ( i - - 0 . 3 ) / ( N + 0 . 4 )  and at 

that of 0.3 for P l ( i ) =  1 - - i / ( N +  1). Therefore, 

omission of a large number of data is thought to 
be recommended for the probability functions 

P3(i), Pt( i) .  The tangent of the curve for the three 

functions at the value of ~n-~/rno = 1 is the smallest 
for the function P 2 ( i ) =  1 - - ( i - - 0 . 5 ) / N .  So the 

function, P2( i )  = 1 - -  (i - -  0.5)/N, will be the most 
desirable for the estimation of m e of the three 

functions, as the error due to the variation in the 
number of omitted values is the smallest. The 

standard deviation, Ame, is almost the same for 

the three functions, and nearly constant f o r / I N  
less than 0.1. 
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Figure 4 Estimated mean values of mean fracture stress, 
~e//~o, as a function of omission ratio of data, j /N,  for 
various sample sizes. (Pz6) = 1 -- (i -- 0.5)IN is used as a 
function for survival probability.) 
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Figure 6 Estimated mean values of Weibull modulus, 
~-e/rno, as a function of omission ratio of data,/IN for 
various functions for survival probability. Sample size is 
forty. 
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TABLE I Estimated mean values of mean fracture stress, 
#e/#o, in a relation to omission ratio of data for various 
functions for survival probability. Sample size is forty 

]IN Function 

i - -0 .5  i - -0 .3  i 
i---- 1 1 - - - -  

N N + 0 . 4  N +  1 

0 0.9996 0.9990 0.9982 
0.025 0.9994 0.9990 0,9985 
0.05 0.9994 0.9991 0.9987 
0.075 0.9994 0.9992 0.9988 
0.10 0.9994 0.9992 0.9989 
0.125 0.9994 0.9993 0.9990 
0.15 0.9994 0.9992 0.9990 
0.175 0.9994 0.9992 0.9991 
0.2 0.9993 0.9992 0.9991 
0.225 0.9994 0.9993 0.9991 
0.25 0.9994 0.9993 0.9992 
0.275 0.9994 0.9993 0.9992 
0.30 0.9995 0.9994 0.9993 
0.325 0.9995 0.9995 0.9994 
0.35 0.9996 0.9995 0.9995 
0.375 0.9997 0.9996 0.9996 
0.4 0.9998 0.9998 0.9998 

The mean value o f  the es t imated mean fracture 

stress and its standard deviat ion are shown for 

N = 40 in Table I and Table II for three funct ions  

o f  Pt (i). As shown in these tables, the mean value 

and the  standard deviat ion o f  the es t imated mean 

fracture stress are almost  the same for the three 

funct ions  and near ly  constant ,  independen t  o f  

the value ofj /N.  
As discussed above,  the appl ica t ion of  the func- 
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Figure 7 Estimated standard deviation of Weibull modu- 
lus, &me/rno, as a function of omission ratio of data for 
various functions for survival probability. Sample size is 
forty. 

t ion ,  P2(/)  = 1- -  (i -- 0.5 )/N, to represent  the  

statistical cumulat ive survival probabi l i ty  and the 

omission o f  some data comprising 2 to 4% of  the  

smallest and largest fracture stresses is recom- 

mended  for the  es t imat ion o f  the Weibull par- 

ameters .  Moreover ,  as shown by Trus t rum and 

Jayat i laka [1], a sample size, N ,  larger than  40 is 

r ecommended .  As the  result of  the applicat ion o f  

the r ecommended  func t ion  and the omission o f  

some data in the sample whose  size is larger than  

40, the est imated value of  m e can be made nearly 

equal to the true value and the standard deviat ion 

is made less than 0.15. 

TABLE II Estimated standard deviation of mean fracture stress, A#e/#0, in a relation with omission ratio of data for 
various functions for survival probability. Sample size is forty 

]IN Function 

i -- 0.5 i -- 0.3 i 
1 - - - - -  1 1 - - - -  

N N + 0 . 4  N + I  

0 0.19218 (X 10 -~) 0.19205 (X 10 -1 ) 0.19185 (X i0 -l) 
0.025 0.19207 0.19203 0.19194 
0.05 0.19331 0.19326 0.19318 
0.075 0.19497 0.19492 0.19483 
0.1 0.19683 0.19677 0.19668 
0.125 0.19893 0.19887 0.19878 
0.15 0.20093 0.20086 0.20076 
0.175 0.20269 0.20262 0.20251 
0.2 0.20464 0.20456 0.20445 
0.225 0.20663 0.20656 0.20644 
0.25 0.20864 0.20856 0.20844 
0.275 0.21055 0.21046 0.21033 
0.30 0.21230 0.21220 0.21205 
0.325 0.21428 0.21418 0.21402 
0.3,5 0.21654 0.21642 0.21625 
0.375 0.21886 0.21874 0.21856 
0.4 0.22074 0.22062 0.22043 

4 0 2 4  



4. Conclusions 
For the estimation of Weibull parameters, three 

kinds of functions to calculate the statistical 

cumulative survival probability and the omission 

of some data of smaller and of larger value were 

studied. The function, P ( i )  = 1 - -  (i - -  0.5)/N, for 
the statistical probability and the omission of 

2 to 4% of the data which are the smallest, the 
largest and their neighbours, are recommended to 

get the best values of the Weibull parameters. A 

sample size larger than 40 is also recommended. 

Application of the function and the omission to 

any sample with size larger than 40 will give esti- 
mated parameters which should be practically 

equal to the true value of the parameters. 
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